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We propose a scheme for the use of magnetic force microscopy to manipulate Majorana zero modes
emergent in vortex cores of topological superconductors in the Fe(Se,Te) family. We calculate the
pinning forces necessary to drag two vortices together and the resulting change in current and charge
density of the composite fermion. A possible algorithm for measuring and altering Majorana pair
parity is demonstrated.
Robust quantum computing is one of the most sought-
after breakthroughs in modern science. The primary
challenge to completing a useful algorithm is to develop
qubits with sufficient immunity to environmental pertur-
bation. There has been a strong push for the investiga-
tion of topological quantum computation (TQC) where
protection from local fluctuations derives from the non-
local nature of the qubit states, greatly increasing their
stability [1]. Majorana fermions, emergent excitations
that satisfy non-abelian exchange statistics, have been
suggested as components of a topological qubit. How-
ever, success of this approach requires a method to store
and read out the information in the phase of a pair of Ma-
joranas after an exchange. When two Majoranas are con-
tracted to single point, they can either annihilate or form
a canonical fermion. The quantum information stored in
the pair is the presence or absence of the charged fermion,
and thus measurement of the increased charge or current
density constitutes readout of the parity of the Majo-
rana pair. It is thus possible to use the unique braiding
statistics and non-locality of Majorana states to create
perturbation-resistant qubits.
Majoranas have been heavily studied in
semiconductor-superconductor nanowire systems [2–4].
Despite hard-won progress in such constructed Majorana
environments, evidence for a functional Majorana qubit
is still lacking, and there is even residual confusion
about whether Majorana modes have been realized at
all [5]. Furthermore, relatively high magnetic fields are
generally required in semiconductor nanowire systems
to produce the desired topological properties, which can
lead to defect decoherence that destroys the Majorana
states [6]. The second challenge is the fine calibration
of the chemical potential necessary to achieve the topo-
logical phase in a qubit configuration. These challenges
have slowed the practical manifestation of TQC, and
thus necessitate a search for topological superconductors
(TSCs) of another kind.
In contrast to the semiconductor-superconductor het-
erostructures, there are systems that natively exhibit
topological superconductivity. These intrinsic TSCs are
characterized by the emergence of Majorana bound states
at zero energy in vortex cores under an applied magnetic
field [7]. The main advantages of intrinsic TSCs are the
simplicity and scalability. The planar geometry of in-
trinsic TSCs is ideal for surface state measurement in-
struments such as scanning tunneling microscopy (STM)
and magnetic force microscopy (MFM). Additionally, the
lack of a heterotructure eliminates the need to analyze
and perfect of complicated interfaces. As for the scala-
bility of TQC, the number of vortex cores scales simply
with the area of the intrinsic TSC and with the applied
magnetic field, allowing for easier tuning of the Majorana
density. However, the relatively modest magnetic fields
required in the intrinsic TSC geometry are less problem-
atic for quasiparticle poisoning than the higher fields in
nanowire geometry. These numerous advantages point to
intrinsic TSCs as an ideal platform for the experimental
realization of TQC.
Several Fe-based superconductors have been shown to
inherently support topological surface states characteris-
tic of a three dimensional topological insulator (TI), in
addition to a superconducting gap [8, 9]. The gap has
been measured to be ∆ = 1.8 meV, comparable to the
Fermi energy of EF = 4.4 meV relative to the Dirac point
[10], making it likely that the subgap states of the vor-
tices, which scale as ∆2/EF [11], are far from the center
of the superconducting gap. This has allowed the pre-
diction and observation of topological superconductivity
and MZMs in vortices several Fe-based superconductors,
by angle-resolved photo emission spectroscopy (ARPES)
and STM [12–14]. Specifically, the simple Fe(Se,Te) fam-
ily has been seen to host MZMs in vortex cores [15, 16]
and thus has been recognized as a promising candidate
for TQC.
Here we develop a scheme for braiding Majoranas in
FeTe1−xSex via vortex manipulation by MFM. We pro-
pose the use of a cantilever-based tip that can first detect
the MZMs in vortex cores by tunneling, then manipulate
the Majoranas by magnetic force. By using a large tip-
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2sample separation during vortex manipulation to avoid
quasiparticle poisoning, then approaching the tip rapidly
towards a pair of assembled MZMs, we quantify the fea-
sibility to detect the resultant Majorana parity by mag-
netic force readout, as shown in Fig. 1. By repeated
measurements, the Majorana parity lifetime can be mea-
sured, and ultimately more complex braiding can be used
to conduct logical operations.
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FIG. 1: MFM cantilever tip measuring the magnetic
force generated by the excess supercurrent when a
vortex pair with parity 1 is fused into a double vortex.
The bulk superconductivity in FeTe1−xSex has been
shown to originate from an electron-like pocket at the M
point and a hole-like pocket at he Γ point[10]. Mean-
while, band inversion occurs between an odd-parity p
band and an even parity d band along the Γ-Z direc-
tion in plane. The resulting Dirac cone is sharply visible,
suggesting negligible scattering of surface states. How-
ever, Cooper pairs are free to tunnel between any of
the pockets in the Brillouin zone to the surface states,
leading to an effective internal proximity effect from the
bulk into the topological surface states. Therefore, we
consider the FeTe1−xSex system as realizing the Fu and
Kane model for proximity s-wave superconductivity on
TI surface states [7].
We seek to address how to measure the quantum state
(fusion channel) of MZMs in a pair of vortices. Each
Majorana operator γj=1,2 associated with these MZMs
can be considered half a fermionic operator such that the
combination c† = γ1+iγ2 is a canonical Fermion creation
operator. During a fusion process, the pair of MZMs are
brought together to within a coherence length so that the
vortices overlap. The quantum state of the vortex pair is
then related to the fermionic occupation c†c of the fused
vortex pair. For simplicity, in this work we will consider
a case where a pair of vortices are brought to completely
overlap so that they fuse into a double vortex. Assuming
the gap of the resulting double vortex is larger than the
thermal smearing, the quantum state of the fermionic
operator c†c can be measured from the occupancy of the
lowest bound state of the double vortex.
The double vortex state can be described by the
Bogoliubov-de-Gennes (BdG) Hamiltonian of an n-
vortex on the surface of a TI:
H = [vσ · p− µ]τz + [∆(r)τ+ + h.c], (1)
where p is the momentum operator and τ and σ are the
Pauli matrices in Nambu and spin space, respectively
[7, 17]. The gap is taken to be of the conventional form
∆(r) = ∆(r)einθ = ∆0 tanh(r)e
inθ. In polar coordinates
the Hamiltonian becomes
H = [−iv{(σx cos θ + σy sin θ)∂r + 1
r
(σy cos θ − σx sin θ)∂θ}]τz
− µτz + ∆(r){cosnθτx + sinnθτy}. (2)
The above Hamiltonian commutes with the total angular
momentum operator and can thus be reduced to a radial
form by the appropriate choice of unitary transformation.
The radial BdG equation then takes the form
[−ivσxτz∂r + τz{−µ− i(σy)r−1(−i/2)(σz + nτz − 2m)}
+ ∆(r)τx − E]Ψ(r) = 0. (3)
We choose to work in units where v = ∆0 = 1, forcing
ξ = 1 and ∆(r) = tanh(r). The BdG can also be made
real via the rotation σx → σy about the z axis. With
these choices the BdG equation becomes real and 1-D,
given by
[∂r + {−iµσy + r−1(1 + σz(nτz − 2m))/2}
− tanh(r)τyσy − iEσyτz]Ψ(r) = 0. (4)
We calculate the solution to the above equation for the
m = 12 angular momentum channel of a double vortex
(n = 2). As previously mentioned, the occupation of
the state Ψ(r) directly translates to the readout of the
vortex pair parity. Thus, measurability of the resulting
charge and current densities associated with the fused
double vortex wavefunction is crucial to quantum state
readout. Since the generated excess charge density is
likely screened by the background superconductor, we
consider measuring the generated supercurrent around
the double vortex using the applied force on an MFM
tip. The supercurrent associated with Ψ(r) is given by
the expectation value of the tangential component of the
current operator defined as
j(r) = −vΨ†(r)σxΨ(r). (5)
Upon approach to the sample above the vortex, the tip
will feel a force due to the magnetic field induced above
the surface by the excess supercurrent density. Modeling
the tip as a magnetic monopole, the change in cantilever
frequency can be shown to be
∆f = m˜
f0
2k
dB
dz
, (6)
where k is the cantilever force constant, f0 is the reso-
nance frequency, and m˜ is an effective tip magnetization,
3typically on order 10−8 N/T [18]. The calculated mag-
netic field gradient, shown in Fig. 2, is of order one T/m
or larger up to 100 nm away from the surface, well within
the working distance of MFM. In order for the force to
be measurable, it should produce a change in cantilever
frequency on order ∆f ∼ 10−3 Hz. Indeed, there are
commercially available cantilevers with f0 = 18 kHz and
k = .06 N/m for which the excess magnetic field is de-
tectable.
Regardless of efforts to prevent decoherence, there will
be a finite lifetime to the topological qubit that is es-
sential to quantify. Ideally, the topological protection of
the Majoranas would lead to very long lifetimes. How-
ever, the interactions between the Majoranas and stray
quasiparticles can cause the parity of qubit pairs to flip,
effectively destroying the stored information [19]. In gen-
eral, parity lifetimes are very difficult to model and are
not well understood, although lifetimes on the order of
minutes have been realized in superconducting devices
[20]. While quasiparticle poisoning is expected to be a
limiting factor in the performance of the Majorana qubit,
particularly in a disordered time-reversal broken super-
conductor, the evidence of conductance quantization and
relatively hard gap suggests that the time-scale for such
processes might be feasible.
For preliminary experimental studies, quasiparticle
poisoning might actually aid in validation of the Majo-
rana measurement process. Although the supercurrent
from the occupation of Ψ(r) is likely a small fraction of
the total force from the double vortex line, quasiparti-
cle poisoning will lead to a fluctuation of the occupation
of the double vortex low-energy bound state that should
lead to a characteristic telegraph noise. This telegraph
noise should be measurable as long as the quasiparticle
poisoning is within the time-resolution of the force mea-
surement. Observation of such a telegraph noise would
be an indication that the fluctuation is indeed Majorana
in nature. In addition, such a signature would yield an
estimate of the quasiparticle poisoning time-scale that
would limit the lifetime of the qubit.
To braid Majoranas, we will need to move vortices
easily around each other. But to read Majorana par-
ity, we will need to bring two vortices together so their
cores almost touch, overcoming the inter-vortex repul-
sion. In Fe(Te,Se), which is at the extreme type-II limit,
the vortex-vortex repulsion approaches 300 pN/µm as the
separation approaches 2ξ [21], as shown in Fig. 3. There-
fore, we must strongly pin one vortex while we bring an-
other vortex towards it.
Previous MFM measurements using Si cantilever and
optical detection have manipulated and quantified vor-
tex pinning forces in Nb (detecting vortex jumps smaller
than 10 nm) [18], cuprates (measuring pinning forces as
small as 2 pN/µm [22], and Fe-based superconductors
(achieving 500 fN resolution of a 4 pN force) [23]. For
MZM detection purposes, we suggest the use of tuning
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FIG. 2: Excess charge (a) and current (b) density
around a fused vortex pair with non-zero fermionic
occupation. (c) Change in magnetic field gradient as a
function of height above the center of the double vortex.
Magnetic gradient is larger than 1 T/m up to ∼ 100 nm
above the surface of the sample.
fork force cantilever, because higher spring constant k
and smaller amplitude noise allows simultaneous STM
spectroscopy. Switching to tuning fork cantilevers typi-
cally increases k from 3 N/m to ∼ 3000 N/m, so it is
necessary to ensure that Q and ω increase by the same
factor to avoid reduced sensitivity. In situ feedback can
45/23/2019 VVforce_both_fig.svg
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FIG. 3: (a) Inter-vortex repulsion force for increasing
values of κ. As the system approaches the type-II limit,
the repulsion force becomes a highly peaked, short
range interaction. (b) The infinite κ behavior of the
vortex-vortex repulsion. This extreme type-II limit well
approximates the FeTe1−xSex system.
be used to increase Q by a factor of up to 20 [24]. Indeed,
low-T MFM with tuning fork has previously shown force
resolution to 2 pN, with 15 nm spatial resolution [25].
A promising measurement in ion-irradiated Fe(Te,Se)
showed that most vortices can be fixed by collective pin-
ning in relatively clean areas, apparently avoiding poi-
soning of the MZMs by normal quasiparticles present at
the pinning site, and leaving sharp zero bias conductance
peak (ZBCP) intact [26]. However, recent STM studies
in Fe(Te,Se) have shown that the likelihood of finding
a ZBCP in a vortex decreases with increasing magnetic
field, or alternatively, with increasing vortex density [16].
Therefore, there may be some inherent inter-vortex in-
teractions that can lead to poisoning of MZMs when the
vortex pair is brought close enough to fuse. The nature of
these interactions can be studied by STM measurement
of ZBCPs before and after fusing a vortex pair to gather
statistics on the poisoning likelihood. If the fusion pro-
cess does not lead to high rates of MZM disappearance,
then the the qubit readout operation remains viable.
With the tools presented above, it is now possible to
lay out the groundwork for conducting a qubit operation
with two pairs of spatially separated MZM-hosting vor-
tices, schematized in Fig. 4. The states |0〉 and |1〉 will be
used to identify the eigenvectors of the number operator
that defines the canonical fermion formed by the Majo-
rana vortex pair. The state |1〉 thus corresponds to the
presence of a telegraph noise in the force measurement
carried out by MFM. The two MZM vortex pairs in the
qubit are measured to ensure both begin in the |0〉 state.
With both qubits in the |0〉 state, a clockwise exchange
is performed between two Majoranas in adjacent qubits
as shown in Fig. 4. This exchange puts the system in the
state 1√
2
(|0〉12 |0〉34 − |1〉12 |1〉34). Another clockwise ex-
change can be performed, which then leaves the system
in the state |1〉12 |1〉34. Note that at each of the prior
steps, measurements of the average occupation of each
qubit can be taken to ensure the exchange has preserved
the coherence of the two-qubit system. An experimen-
tal demonstration that the average occupation numbers
are 12 and 1 after the two exchanges, respectively, would
prove that the exchange of MZMs within vortex pairs
truly constitutes a quantum logic operation.
FIG. 4: Diagram of simple qubit braiding algorithm.
In conclusion, we have presented a scheme for the
dragging, pinning, and parity readout of a a pair of
MZMs in the vortex cores of topological superconduc-
tor FeTe1−xSex. We have shown that MFM cantilevers
are able to apply the force necessary to fuse two MZMs,
and can be sensitive enough to measure the change in
supercurrent when the occupation number of the result-
ing fermionic state is non-zero. Thus, the pathway to an
experimental realization of a topological quantum logic
operation is plainly laid out.
5APPENDIX
Derivation and Solution of Radial BdG Equation
We begin by recalling Eq. 2, the BdG Hamiltonian in
polar coordinates, and the fact that it commutes with
the total angular momentum operator
J = L+
1
2
(σz + nτz), (7)
where L = −i∂θ is the orbital angular momentum opera-
tor. This allows us to focus on solutions with eigenvalues
J = m. The spectrum of excitations of this system is
found by solving the eigenvalue problem
HΨm(r, θ) = EΨm(r, θ). (8)
The angular dependence for such states is written as
Ψm(r, θ
′) = eiθ
′LΨm(r, θ)|θ=0
= e−iθ
′(σz+nτz−2m)/2Ψm(r, 0). (9)
Applying this transformation, we can isolate the theta
dependence of the BdG equation as
e
iθ
2 (σz+nτz−2m)He−
iθ
2 (σz+nτz−2m)Ψm(r, 0) = EΨm(r, 0),
(10)
where
Hm = e
iθ
2 (σz+nτz−2m)He−
iθ
2 (σz+nτz−2m)
= −ivσxτz∂r − τz[µ+ i(σy)r−1 − i
2
(σz + nτz − 2m)]
+ ∆(r)τx. (11)
The 1-D radial BdG equation then takes the form
[−ivσxτz∂r + τz{−µ− i(σy)r−1(−i/2)(σz + nτz − 2m)}
+ ∆(r)τx − E]Ψ(r) = 0, (12)
as before noted in Eq. 3. The extension to Eq. 4 follows
from setting v = ∆0 = 1 and making the rotation σx →
σy. Eq. 4 can in principle be solved as an initial value
problem from r = 0 to r =∞. In the limit r → 0, the 1r
term dominates and thus the initial value Ψ(r → 0) must
satisfy the constraint
{1 + σz(nτz − 2m)}Ψ(r → 0) = αΨ(r → 0), (13)
where α ≤ 0. Let us now focus on the m = 1/2 angular
momentum channel of a double vortex (n = 2). The
initial condition then satisfies
(1− σz + 2σzτz)Ψ(r → 0) = αΨ(r → 0). (14)
This allows initial conditions Ψj(r → 0) = Ψj where
Ψj=1,2 are the two orthonormal vectors with σzτz = −1 .
Let us represent the solutions to the initial value problem
defined by Eq. 4 as Ψj(r). A general solution matching
the boundary conditions as r → 0 is given by
Ψ(r) =
∑
j
cjΨj(r). (15)
Next we consider the boundary conditions at r → ∞,
where Eq. 4 takes the form
[∂r − iµσy − τyσy − iEσyτz]Ψ = 0. (16)
In this limit Ψ(r) = Ψe−zr where convergent solutions
require Re[z] > 0. Substituting we get
[−iµσy − τyσy − iEσyτz]Ψ = zΨ. (17)
Let us denote the two eigenvectors with the conver-
gent eigenvalues as Ψ˜j=1,2. We can then define Ψ˜j(r)
to be the solutions of Eq. 4 with boundary conditions
Ψ˜j(r →∞) = Ψ˜je−zjr. A general solution matching the
boundary conditions as r →∞ is given by
Ψ(r) =
∑
j
c˜jΨ˜j(r). (18)
For a complete solution the two solutions at small and
large r, given by Eq. 15 and Eq. 18, respectively, must
match at an intermediate r = R. Since this is a linear
condition for 4 component wave-functions with 4 coeffi-
cients, such a matching is possible only if the energy E
satisfies the condition
M(E) =
[
Ψ1(R) Ψ2(R) Ψ˜1(R) Ψ˜2(R)
]
= 0. (19)
Since Eq. 4 is real, M(E) is real and the solutions can
be determined by simple root finding. The null vector of
the matrix provides us with the coefficients of cj , which
then allows us to construct Ψ(r) using Eq. 15. In prac-
tice we can compute Ψ˜j(R) by solving Eq. 4 in reverse
from some large R′  R with an arbitrary initial con-
dition. While the resulting solution contains the states
with Re[z] < 0, the amplitudes of such states are expo-
nentially small. It can be shown that this is equivalent
to considering Ψj(R
′) and setting the projector to zero
add citation. Therefore, for practical purposes we solve
the simpler problem
M1(E) =
[
(1 + σzτz) Ψ1(R
′) Ψ2(R′)
]
= 0. (20)
As before, the bound state energy is the root in E for
which the above matrix has a zero eigenvalue. The null
vector of the matrix provides us with the coefficients of
cj , which then allows us to construct Ψ(r) using Eq. 15.
The Chiral Limit
The radial equation for the vortex (Eq. 4) is analyti-
cally solvable in the chiral limit i.e. µ = 0 and m = 1/2,
6in which case there is a solution for E = 0. In this limit
Eq. 4 becomes
[−∂r − r−1(nσzτz)/2 + tanh(r)τyσx]Ψ(r) = 0. (21)
This equation is easy to solve since the comprising ma-
trices (1, σzτz and τyσx) commute. The solution to these
equations are then formally written as
Ψ(r) = r−(nσzτz)/2 cosh(r)τyσxΨ0. (22)
For a double vortex this leads to a unique solution of the
form
Ψ(r) = Nr sech(r)Ψ0, (23)
where Ψ0 is defined by the equation σzτzΨ0 = τyσxΨ0 =
−Ψ0 and N is a normalization constant. Adding a fi-
nite chemical potential µ doesn’t affect the wave-function
much at lowest order in perturbation theory, but shifts
the energy to
E ' −µΨ†0τzΨ0 = 0. (24)
The current density would be given by
j(r) = vN2r2 sech2(r)Ψ†0σyΨ0 = 0. (25)
This means one needs to consider the wave-function con-
tribution of order µ, which is out of the scope of our
arguments.
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